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INTRODUCTION
As a generalization of fuzzy set [1] , a hesitant fuzzy set introduced by Torra and Narukawam [2] and Torra [3] allows the membership degree of an element to a set represented by several possible values. It can be considered as a powerful tool to express uncertain information in the process of group decision making. Xia and(GIVHFOWA) operator, a generalized interval-valued hesitant fuzzy ordered weighted geometric (GIVHFOWG) operator, an interval-valued hesitant fuzzy hybrid averaging (IVHFHA) operator, an interval-valued hesitant fuzzy hybrid geometric (IVHFHG) operator, a generalized interval-valued hesitant fuzzy hybrid averaging (GIVHFHA) operator, a generalized interval-valued hesitant fuzzy hybrid geometric (GIVHFHG) operator, and then they proposed a group decision-making approach based on the constructed interval-valued hesitant preference relations.
However, IVHFSs can reflect the original information given by the decision makers as much as possible and the more interval values obtained from the decision makers and a range of values belonging to [0, 1] may be assigned to easily express their judgments. Therefore, the IVHFS can be regarded as a more comprehensive set, which supports a more flexible approach when the decision makers provide their judgments. However, as for existing these operators and approaches of IVHFSs, there is no work addressing the interval-valued hesitant fuzzy prioritized weighted aggregation operators and multiple attribute decision making problems in which the attributes are in different priority level. Therefore, motivated by the ideal of hesitant fuzzy prioritized weighted aggregation operators [10] , we develop two approaches to resolve the multiple attribute decision-making problems with the prioritization among the attributes. To do so, the purposes of this paper are (1) to propose an interval-valued hesitant fuzzy prioritized weighted averaging (IVHFPWA) operator and an interval-valued hesitant fuzzy prioritized weighted geometric (IVHFPWG) operator for aggregating interval-valued hesitant fuzzy information as the extensions of the hesitant fuzzy prioritized weighted aggregation operators, and (2) to establish interval-valued hesitant fuzzy multiple attribute decision making methods based on the IVHFOWA and IVHFOWG operators, in which attribute values take the form of interval-valued hesitant fuzzy elements (IVHFEs) and the attributes are in different priority level.
The remainder of this paper is organized as follows. Section 2 introduces some basic concepts of hesitant fuzzy sets and IVHFEs. In Section 3, we propose an interval-valued hesitant fuzzy prioritized weighted averaging (IVHFPWA) operator and an interval-valued hesitant fuzzy prioritized weighted geometric (IVHFPWG) operator and investigate some properties of the proposed aggregation operators. In Section 4, we utilize the IVHFPWA and IVHFPWG operators to develop two approaches for interval-valued hesitant fuzzy multiple attribute decision making problems in which the evaluated values of alternatives under attributes take the form of IVHFEs and the attributes are in different priority level. In Section 5, a practical example about talent introduction is given to demonstrate the practicality and effectiveness of the developed approaches. Section 6 gives some concluding remarks.
PRELIMINARIES 2.1. Some Concepts of Hesitant Fuzzy Sets
Torra and Narukawa [2] and Torra [3] firstly proposed the concept of a hesitant fuzzy set, which is defined as follows:
Definition 1 [2, 3] . Let X be a fixed set, a hesitant fuzzy set A on X is defined in terms of a function h A (x) that when applied to X returns a finite subset of [0, 1], which can be represented as the following mathematical symbol:
where h A (x) is a set of some different values in [0, 1], denoting the possible membership degrees of the element x OE X to A. For convenience, we call h A (x) a hesitant fuzzy element denoted by h [4] .
Definition 2 [2, 3] . Given a hesitant fuzzy element h, its lower and upper bounds are defined as h -(x) = min h(x) and h + (x) = max h(x), respectively. Definition 3 [2, 3] . Given a hesitant fuzzy element h, A env (h) is called the envelope of h which is represented by (h -, 1 -h + ), with the lower bound h -and upper bound h + .
From this definition, Torra and Narukawa [2] and Torra [3] gave the relationship between a hesitant fuzzy set and an intuitionistic fuzzy set [13] , i.e.,
A env (h) is defined as ΆΌx, m (x), n (x)· with m and n defined by m(x) = h -(x),
Given three hesitant fuzzy elements h, h 1 , and h 2 , Torra and Narukawa [2] and Torra [3] defined complement, union, and intersection operations in them as follows: (1) ;
. 
According to the relationship between a hesitant fuzzy element and an intuitionistic fuzzy value, Xia and Xu [4] defined some operations on the hesitant fuzzy elements h, h 1 , h 2 , and λ > 0: (1) ; (2) ;
.
Two Hesitant Fuzzy Prioritized Weighted Aggregation Operators
For the following analysis, two prioritized weighted aggregation operators for hesitant fuzzy elements proposed by Wei [10] are introduced as listed below. Let h j (j = 1, 2, …, n) be a collection of hesitant fuzzy elements, then
(1) Hesitant fuzzy prioritized weighted average (HFPWA) operator [10] ,
where (j = 2, 3, …, n), T 1 = 1 and s(h k ) is the score value of h k . (2) Hesitant fuzzy prioritized weighted geometric (HFPWG) operator [10] ,
where (j = 2, 3, …, n), T 1 = 1 and s(h k ) is the score value of h k .
Whereas the HFPWA and HFPWG operators have the following properties [10] :
P2 (Boundedness). Let h j (j = 1, 2, …, n) be a collection of hesitant fuzzy elements, and let and
Some Concepts of IVHFSs
It has been known that in multi-criteria decision making, it is some what difficult for the experts to assign exact values for the membership degrees of certain elements to a set, but a range of values belonging to [0, 1] may be easily assigned by the experts. Therefore, Chen et al. [11, 12] proposed the concept of IVHFSs. Definition 5 [11, 12] . Let X be a fixed set, an IVHFS on X is defined as:
, where h E (x) is a set of some different interval values in [0, 1], representing the possible membership degrees of the element x OE X to the set E, and is called an interval-valued hesitant fuzzy element (IVHFE). For convenience, h E (x) is denoted by an IVHFE h .
Given three IVHFEs h 1 , h 1 , and h 2 and λ > 0, their operations is defined as follows [11, 12] : (1) ; (2) ; 
TWO INTERVAL-VALUED HESITANT FUZZY PRIORITIZED WEIGHTED AGGREGATION OPERATORS
This section presents two prioritized weighted aggregation operators for IVHFSs and investigate some properties of the proposed aggregation operators.
To compare the IVHFEs, we firstly define the following comparison laws: 
where It is obvious that the IVHFPWA operator has the following properties: P1 (Idempotency). Let h j (j = 1, 2, …, n) be a collection of IVHFEs. Then (j = 2, 3, …, n), T 1 = 1, and S (h k ) is the score value of h k . If
be a collection of IVHFEs, and let and , then .
Interval-valued Hesitant Fuzzy Prioritized Weighted Geometric (IVHFPWG) Operator Definition 7.
Let h j (j = 1, 2, …, n) be a collection of IVHFEs, then we define the interval-valued hesitant fuzzy prioritized weighted geometric (IVHFPWG) operator as follows: ,
where (j = 2, 3, …, n), T 1 = 1 and S(h h k ) is the score value of h h k .
Here, if for any (j = 2, 3, …, n) holds, then Eq. (4) is degenerated to Eq.(2). Hence, the HFPWG operator [10] is a special case of the proposed IVHFPWG operator.
It is also obvious that the IVHFPWG operator has the following properties: P1 (Idempotency). Let h k (j = 1, 2, …, n) be a collection of IVHFEs. Then (j = 2, 3, …, n), T 1 = 1, and S(h h k ) is the score value 
MULTIPLE ATTRIBUTE DECISION MAKING WITH THE PRIORITIZATION AMONG THE ATTRIBUTES
In this section, we shall utilize the interval-valued hesitant fuzzy prioritized weighted aggregation operators to establish the interval-valued hesitant fuzzy multiple attribute decision making, in which the attributes are in different priority level. For a multiple attribute decision making problem with the prioritization among the attributes under interval-valued hesitant fuzzy environment, let A = {A 1 , A 2 , …, A m } be a discrete set of alternatives and C = {C 1 , C 2 , …, C n } be a set of attributes. The prioritization relationship for the attributes is C 1  C 2  C 3  …  C n . A attribute C j indicates a higher priority than C s , if j < s. If the decision makers provide several interval values for the alternative A i (i = 1, 2, …, m) under the attribute C j (j = 1, 2, …, n), these values can be considered as an IVHFE h ij (j = 1, 2, …, n; i = 1, 2, …, m). In some case where two decision makers provide the same value, then the value emerges only once in h ij . Thus, the decision makers can elicit an interval-valued hesitant fuzzy decision matrix H = (h h ij ) m×n , where h ij (i = 1, 2, …, m; j = 1, 2, …, n) is in the form of IVHFEs. Then, we utilize the IVHFPWA and IVHFPWG operators to develop two approaches for interval-valued hesitant fuzzy multiple attribute decision making problems with the prioritization among the attributes, which can be described as follows:
Step 1. Calculate the values of T ij (i = 1, 2, …, m; j = 2, …, n) as follows:
Step 2. Aggregate all IVHFEs of h ij (i = 1, 2, …, m; j = 1, 2, …, n) by using the IVHFPWA operator to derive the collective IVHFE h i (i = 1, 2, …, m) of the alternative A i (i = 1, 2, …, m):
Or by using the IVHFPWG operator:
Step 3. Calculate the score of the collective IVHFE h i (i = 1, 2, …, m) to rank all the alternative A i (i = 1, 2, …, m) and then to select the best one(s).
Step 4. Rank the alternatives and select the best one(s) in accordance with the values of scores.
Step 5. End.
PRACTICAL EXAMPLE
In this section, an example for the multiple attribute decision-making problem with the prioritization among the attributes is given to demonstrate the application and effectiveness of the proposed decision-making method. In order to strengthen academic education and promote the building of teaching body, the school of management in a Chinese university wants to introduce oversea outstanding teachers (adapted from [10] ). This introduction has been raised great attention from the school, university president, dean of management school and human resource officer sets up the panel of decision makers which will take the whole responsibility for this introduction. They made strict evaluation for five candidates of A i (i = 1, 2, 3, 4, 5) according to the following four attributes: (1) C 1 is the morality; (2) C 2 is the research capability; (3) C 3 is the teaching skill; (4) C 4 is the education background. University president have the absolute priority for decision making, dean of the management . Then, we utilize the developed approaches to obtain the ranking order of the candidates and the most desirable one(s), which can be described as follows:
Step 1. Utilizing Eqs. (5) and (6), we can calculate the values of T ij (i = 1, 2, 3, 4, 5 and j = 2, 3, 4) as follows:
Step 2. Aggregate all IVHFEs of h ij (i = 1, 2, 3, 4, 5; j = 1, 2, 3, 4) by using the IVHFPWA operator (7) Step 4. We can rank the candidates in accordance with the above values of scores:
Therefore, we can see that the candidate A 1 is the best choice.
Then, based on the IVHFPWG operator, we can also develop another approach for the interval-valued hesitant fuzzy multiple attribute decision making problems with the prioritization among the attributes, which can be described as following:
Step 1'. See the above Step 1.
Step 2'. Aggregate all IVHFEs of h ij (i = 1, 2, 3, 4, 5; j = 1, 2, 3, 4) by using the IVHFPWG operator (8) Step 4'. We can rank the candidates in accordance with the values of scores: A 1  A 2  A 5  A 4  A 3 . Therefore, we can see that the candidate A 1 is also the best choice.
In this section, we have proposed two approaches to solve the interval-valued hesitant fuzzy multiple attribute decision making problems in which the attributes are in different priority level. From the above example, we can see that the main advantage of the proposed operators and approaches over the existing interval-valued hesitant fuzzy aggregation operators and approaches is due to the consideration of the prioritization among the attributes, which makes them more feasible and practical in some cases.
CONCLUSION
In this paper, we have proposed the IVHFPWA and IVHFPWG operators and investigated some properties of the proposed aggregation operators. Then, the IVHFPWA and IVHFPWG operators have been utilized to develop two approaches to solve the interval valued hesitant fuzzy multiple attribute decision-making problems in which the attributes are in different priority level. Finally, a practical example about talent introduction was given to demonstrate the practicality and effectiveness of the developed approaches.
